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============

Lotka \[[@CR7]\] considered a series of three chemical reactions, transforming a substrate into a product via two intermediates, $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathsf{Y}}$$\end{document}$, respectively, are assumed to be autocatalytic, then the resulting ODE is the classical Lotka--Volterra predator-prey system \[[@CR8], [@CR9]\].

Farkas and Noszticzius \[[@CR4]\] and Dancsó et al. \[[@CR2]\] considered generalized Lotka--Volterra schemes, arising from the Lotka reactions with power-law kinetics. They studied the ODE$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \dot{x}&= k_1 \, x^{\hat{p}} - k_2 \, x^{p} y^{q} , \nonumber \\ \dot{y}&= k_3 \, x^{p} y^{q} - k_4 \, y^{\hat{q}} \end{aligned}$$\end{document}$$with positive coefficients $\documentclass[12pt]{minimal}
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                \begin{document}$$p=q=\hat{p}=\hat{q}=1$$\end{document}$ is the classical Lotka--Volterra system.) Dancsó et al. \[[@CR2]\] provided a local stability and bifurcation analysis. In particular, by finding first integrals, they determined four cases where the ODE admits a center.

In this work, we allow arbitrary real exponents $\documentclass[12pt]{minimal}
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                \begin{document}$$p,q,\hat{p},\hat{q}\in {{\mathbb R}}$$\end{document}$ in the ODE ([1](#Equ1){ref-type=""}) and study the dynamics on the positive quadrant. In addition to the four known cases, we identify two new cases of centers, by showing that they correspond to reversible systems. Moreover, we prove that centers are characterized by these six cases. In a complementary work \[[@CR1]\], we provide a global stability analysis for the Lotka reactions with generalized mass-action kinetics.

The paper is organized as follows. In Sect. [2](#Sec2){ref-type="sec"}, we elaborate on the chemical motivation of the ODE under study, and in Sect. [3](#Sec3){ref-type="sec"}, we present our main result.

The Lotka Reactions with Generalized Mass-Action Kinetics {#Sec2}
=========================================================

As in the original work by Lotka \[[@CR7]\], we start by considering a series of net reactions, $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathsf{Y}}$$\end{document}$ only, in particular, we assume that the substrate is present in constant amount and that the product does not affect the dynamics. As a consequence, we omit substrate and product from consideration and arrive at the simplified reactions$$\documentclass[12pt]{minimal}
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Main Result {#Sec3}
===========

An equilibrium is a *center* if all nearby orbits are closed.

Theorem 1 {#FPar1}
---------
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Proof {#FPar2}
-----
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The remaining cases, (r1) and (r2), are reversible systems. See Sect. [3.2](#Sec5){ref-type="sec"}.
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Reversible Systems {#Sec5}
------------------
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*An equilibrium of a reversible system which has purely imaginary eigenvalues and lies on the symmetry line of R is a center.*

Now we are in a position to deal with the last two cases in Table [1](#Tab1){ref-type="table"}.
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Since (r1) and (r2) lead to centers, analytic first integrals must exist. However, it seems difficult to find them. So far we succeeded only in the intersection of (r1) and (r2), that is, the case where $\documentclass[12pt]{minimal}
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Limit Cycles {#Sec6}
------------

Dancsó et al. \[[@CR2]\] and Boros et al. \[[@CR1]\] identified ODEs ([1](#Equ1){ref-type=""}) and ([2](#Equ2){ref-type=""}) that admit one limit cycle (via a super- or sub-critical Hopf bifurcation). As a simple consequence of our characterization of the center variety, we can construct ODEs ([4](#Equ4){ref-type=""}) with two limit cycles via a degenerate Hopf or Bautin bifurcation, see \[[@CR5], Sect. 8.3\]. We pick a system with $\documentclass[12pt]{minimal}
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It remains open, if the ODE ([4](#Equ4){ref-type=""}) admits more than two limit cycles. For a computational algebra approach to this question, see \[[@CR13]\].
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